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PRELIMINARIES

The teaching script is a record of lectures of the course Linear algebra, which author
have on KUL for informatics students. The course covers 15 hours, which means that there
is not time for many interesting topics. First there is Cartesian space R™ and vectors in
it discussed, and next there are presented subsets of R? and R?® such as lines, planes
and conics. Discussed notions are given in understanding form and often illustrated by
examples. Author hopes that teaching script will by helpfull for student.



1. CARTESIAN SPACE R"

Cartesian coordinates on the line:

]fz (1)

o T

On the line we choose an arbitrary point o as the origin. It divides the line into two
halflines. Regarding one of them as the positive halfline and the other as negative halfline,
we obtain the axis. To any point p we assign a number z; called its Cartesian coordinate.
In that way we get the Cartesian space R!. In that space we have the following formula

of the distance of two points z,y € R!:
ple,y) =z —y|.

Cartesian coordinates on the plane:

Bola = (21,2)

On the plane let us consider two lines intersecting at a point o as the origin and on each
of them let us fix Cartesian coordinates. We obtain the axes, which form the Carte-
sian system of coordinates. We write p = (21, x2) and numbers z1, xo we call Cartesian

coordinates of the point p.

If axes are perpendicular, then the Cartesian coordinates are called rectangular. In that
way we get the Cartesian space R%. In that space we have the following formula of the

distance of two points x = (21, 12),y = (y1,92) € R*:

p(2,y) = V(21 — y1)? + (22 — y2).
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Cartesian coordinates in the space:

T3l

' -p = (71,72, 23)

0 S

)

In the space let us take three lines not lying in one plane and passing through one point
o as the origin, and on each of them let us fix Cartesian coordinates. We obtain the axes,
which form the Cartesian system of coordinates. We write p = (1, 2, x3) and numbers

x1,To, x3 we call Cartesian coordinates of the point p.

If each axis is perpendicular to both the remaining ones, then the system is called rectan-
gular. In that way we get the Cartesian space R?. In that space we have the following

formula of the distance of two points & = (1, 22, %3),y = (y1, Yo, y3) € R3:

pl,y) = /(21 — y1)? + (22 — 12)* + (23 — y3)*.

Definition. (Metric space) Let X be a set and p : X x X — [0,00) be a function. A
metric space is a pair (X, p) such that

D A plx,y) = ply, ),

z,yeX

2) N plz,y) =0 & z=y,
z,yeX

3) N plz,y)+ply,z) > p(x, 2).
z,y,2€X

Elements of X are called points, p is called a metrics and p(x,y) is a distance of points

T, vy.

Definition. (n-dimensional Cartesian space) An n-dimensional Cartesian space is
the set
R™ = {(x1,...,2,) : z; € R}



together with a metrics p : R” x R" — [0, 00) given by formula

p((x1, .. x0), (y1, - -

Thus (R™, p) is a metric space.
Exercise. Show that a function p defined above is a metrics.

Definition. Let © = (x1,...,2,),y = (y1,...,yn) € R" and t € R. Define

Tty = (x14+ v, 2, +y,) — an addition of points x,y,
—r=(—x1,...,—Tp)
Ty +(—y) — asubtraction of points x,y,
tx = (txq,...,tx,) — a multiplication of a point x by a number t,
x-y 7 x;y;  —  a scalar multiplication of points x,y,
i=1
ot =z, = . x  — apower of a point z,
0=1(0,...,0
= (0,...,0)

)

)
3) t(r +y) =t + ty,
HNitr=0t=0Ve=0,
Slz-y=y-
6)~(@-y)-z=az-(y-2),
7) (tz) -y =t(z-y),
) z-(y+z2)=x-y+x-z,
9) (tz)k = thak,
10) ~ (- y)* = a* - P,
11) (z-y)* <2*-y*> - Cauchy-Schwarz inequality.

Proof. Easy. [

Definition. Let x = (xy,...,2,) € R". A modulus of a point z is a number:

o] = ol 0) =

(it is the distance of a point x and point 0).
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Theorem. Let x = (x1,...,2,),y = (y1,...,¥) € R" and t € R. Then

1) 2? = |o* = 30 22,

2) p(x,y) = [r —y[ = /(z — )%
3) |z =0,

4) |z| = |-,

5) x| =0 2 =0,

6) [tx| = [t||2],

7) |-yl < lzf - lyl,

8) |z +y| < ||+ y|

9) |z| = [y < |z —y|

10) (z +y)* =2 + 2z -y + v,
11) (z —y)? =2> =2z -y + 17,
12) 2 =y = (x —y) - (x+y).

Proof. 1) - 5) Easy.

6) |tz] = /2oL, (twy)? = /P 31, af = |t| V 1_1% = |t| |z|.
7) |z -yl = \/211%% \/211 T7y; \/Zzl L i Ui = \/Zzl z\/zzlyz
|z| - |y| (by Cauchy-Schwarz inequality).
8) |z +y|l=lz—(—y)| = plz,—y) < p(z,0) + p(0, —y) = p(x,0) + p(0,y) = [z[ + [y].
9) |zl =y + (z —y)| < |yl + |& — y[, whence [z| — |y| < [z —y|.
10), 11) and 12) follow from 8) of previous theorem. [

Definition. Let (X, p) be a metric space and let a,b € X. A metric segment is a set:

{a,b) = {z € X : p(a,z) + p(z,b) = p(a,b)}.

Definition. Let (X, p) be a metric space and let a,b,c € X. Then

1
c is a centre of a segment (a, b) ? pla,c) = p(b,c) = 5,0(@, b).

Theorem. Let a,b € R". Then there exists exactly one centre of a segment (a, b); it is a
point ¢ = 3(a + b).

Proof. If a = b, then Theorem is obvious. Let a # b. We have

0 Sa+b)

plae) = lo—c| = |a— 3

1 1 1
:§|a—b|:§|b—a|:‘b—§(a+b)‘:]b—c|:p(b,c).

Hence c is a centre of a segment (a, b).

Let d = ¢+ x be also a centre of a segment (a,b). Then

1 1
pla,d) = 5p(a,b) = S la— b =Ja—d| =

that is, |a — b| = |a — b — 2x|.



Similarly,

1 1
whence |a — b| = |a — b+ 2z].
Thus,
la —b—2z)* = |a — b+ 22|,
that is,

(a —b)? —4x(a — b) + 42° = (a — b)* + 4x(a — b) + 427,
whence
x(a —b) = 0.
Now, a — b # 0 (since a # b), so x = 0.
Thus, d=c. U

Definition. Let A C R". Then

A is convex < /\ (a,b) C A.
a,be A

Conclusion. A segment in R” is a convex set.



2. VECTORS IN SPACE R"

Definition. A localized vector in R" ; an ordered pair of points in R"™.

— — —
Denotation: ab for a,b € R™, a — the initial point of ab, b — the end-point of ab.

—}
Definition. Coordinates of a localized vector ab d——f coordinates of a point b — a.

_)
Ifa=(ay,...,a,),0=(b,...,b,) € R" then ab = [by — ay,...,b, — a,).

Definition. Let a,b,d’,b’ € R™. Then

— — — —
ab = a't! <d:> ab and a’b’ have the same coordinates <J;> b—a=0V—d

1 1
&S d+b=a+l & 5(a’+b):§(a+b’)

— —
(two localized vectors ab and o'’ are equal iff the centres of (a’,b) and (a,b’) coinicide).
Theorem. The relation of equality of localized vectors is an equivalence relation.
Proof. Easy. [J

Definition. A free vector (vector) in R" 7 an equivalence class of the relation of equality

of localized vectors,

that is,
— — — — —
[ab} = {cd cab = cd} — a free vector with a representative ab.
Denotation: a,b, ¢, ... (small gothic letters).

Remark. All representatives of a free vector have the same coordinates.

Definition. Coordinates of a free vector 7 coordinates of its representative.
H
Definition. Let a,a,b € R™ and ab € a. Then a length of a vector a is a number:
al = b).
al = pla. )

If a =[o,...,0), then |a| = /> ", oF

i

Definition. A wversor 7 a vector of length 1.
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Theorem. (On localization of a free vector at a point) Every free vector in R™ can

be uniquely localized at an arbitrary point a € R™.

— —
Proof. Take a,a € R". We search a point b € R" such that ab € a. Let c¢d € a. Then

— —

ab=cdeb—-—a=d—c&sb=d—c+a. O

Theorem. For every free vector a € R™ and every point b € R" there exists a unique

representative of a with the end-point b.
Proof. Similar (we calculate a). O

Definition. Let a = [ag,...,a,],06 = [f1,...,8,] € R" and t € R. Define

a+b = a1 + P1,..., a0+ Bn] — an addition of vectors a, b,
—a = [—aq,...,—a,] — an opposite vector for a,
a—b=[ag—f1,...,a, — Bs] — asubtraction of vectors a, b,
ta = [tay,...,ta,]  —  a multiplication of a vector a by a number ¢,
n
a-b E zzl a;B; — ascalar product of vectors a, b.

Remark. We will write a - a = a2.

Theorem. Let a,b,c € R" and ¢t € R. Then

Proof. Easy. Point 5) follows from Cauchy-Schwartz inequality. [

Theorem. Let a,b,c,a,b,¢c € R". Then

— —

abea A bc€b = ac €a+b].

Proof. Easy. [

Definition. Let a,b € R". Then

a, b are equally parallel, a ][ b < la| + |b] = |a + b]
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a, b are oppositely parallel, a 1] b (;) la| 4+ |b] = |a — b|

a,b are parallel, a || b (;) allb VvV allb

Theorem. Let a,b € R” be such that a # 0 # b. Then

allb < \/b:ta
140
and t>0 = allb,

t<0 = allb.

Proof. Easy. [

Theorem. In the set of nonzero vectors in R" relations || and ] are equivalence relations.
Proof. Easy. J

Definition. Let a € R".

A direction of a vector a 7 an equivalence class of the relation || with a representative a,

that is,
K(a)={b:b| a A b#0}.

A sense of a vector a = an equivalence class of the relation 1] with a representative a,

that is,
Z(a)={b:b1]a A b#0}.
We have: Z(a) C K(a).

Remark. Let a,b € R" be such that a # 0 # b. Since — |a||b| < a-b < |a| |b], it follows

that there is a unique number 6 such that

a-b=lal|b|cosf and 0<6 <.
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If a=0or b =0, then # is arbitrary such that 0 < 0 < 7.

Definition. Let a,b € R”. A number <(a, b) € [0, 7] such that
a-b
|al [b]

cos(<t(a, b)) =

is called an angle in R™ between vectors a, b.
Theorem. Let a,b € R". Then

1) <(a,b) = <(b,a),

2)t,s >0 = <(a,b) = <(ta,sb),
3) <(a,b) + <(—a,b) =,

4) <(a,b) = <(—a, —b).

Proof. Easy. [
Definition. Let a,b € R™. Then

a, b are perpendicular, alb <d:f> <(a,b) = g Va=0V b=0.

Theorem. Let a,b € R". Then

alb < a-b=0.

Proof. Follows immediately from the formula a-b = |a| |b| cos(<(a, b)). O

Definition. (Vector product in R?) Let a,b € R3, a = [, g, a3) and b = |5y, Ba, (3]

A vector product of a and b is a vector

Qy Q3 a1 Qs a1 Qo
axb= ,— , :
af [ B2 B3 Bi B3 Bi Ba
Remark. If we denote by 1,7, k versors of coordinate axes in R3, that is, + = [1,0,0],
j =10,1,0] and k£ = [0, 0, 1], then
i 7k
axb= a1 Qg9 O3
Bi B2 Bs
Example. Determine a x b if a =[1,1,—1] and b = [2, -1, 3].
Solution.
T 7k
1 -1 1 -1 1 1
axb=|1 1 —-1|= ,— : = [2,-5,-3].
-1 3 2 3 2 -1
2 -1 3
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Theorem. Let a,b,c € R3. Then

ax(b+c¢)=axbt+axcand (a+b)xc=axc+bxc,
4)t-(axb)=(t-a)xb=ax(t-b), where t € R,
Qp Qg Q3

5) (Cl X b) tC= 51 62 BS ) where a = [05170527043}7 b= [ﬁlaﬁ%ﬁ?ﬁ]? €= [71772773]7

Y12 8
6)axb=0<al|lb,

7)axblaand axblb,
8) |a x b] = |a] |b|sin<t(a, b).

Proof. Points 1) — 5) follow from above Remark and definition.
6) We have

alb & \/b=ta & \/(ta)xb=bxb=0 ¢ \/tlaxb)=0 & axb=0.
t£0 t#£0 t£0

7) Follows from 5).
8) We have for a = [ay, ag, a3] and b = [B1, B2, B3]

la % b|* = (a2fs — asf)’ + (s — asBr)” + (a1 2 — afhr)’

= (af + o + a3) (8] + 55 + B5) — (a1 1 + aofa + asfs)?

= a’b? — (a-b)?

= (lal[6])* = (la] |b])* cos® <t(a, b)

= (lal [b] sin <(a, b))?,
whence |a x b| = |a| |b| sin <(a, b). O
Theorem. Let a,b,c € R? A(a,b,c) be a triangle with vertices a,b,c, a = [E} and
b = [a¢]. Then

@b, 6)] = 5 Ja x b

(the area of a triangle).

Proof. We have the following Heron’s formula

1(a,0,0)| = 3V/5T5 — 20,5 — 2p(a, s — 2p(a D).




13

where s = p(a, b) + p(a, c) + p(b, c).
Hence

|A(a,b,c)| = i\/(la! + 16+ |a = b])(Ja + [6] — [a = b])(|a] = [b] + a = b[)(— |af + [b] + [a — b])

= S/l ol +a- B)([al o[ —a- D)

1
= éx/aQbQ — (a-b)2
1 :
= §|a||b|sm<1(a, b).
Thus |A(a,b,c)| = 3 lax bl. O

Conclusion. The number |a x b| is the area of a parallelogram built on vectors a, b € R3:
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3. TRANSFORMATIONS OF METRIC SPACES

Definition. Let (X, p), (Y,75) be metric spaces and f : X — Y be a function. Then

onto

f is an isometry (:f) 1) f: X —Y,

Examples.
1. Translation: a € R", f : R™ - R", f(x) = x 4+ a for x € R". Then f is an isometry,

since

p(f(2), f(2')) = V(f(z) = f(2)? = VI(z +a) = (& + @) = /(z — 2/)? = p(z,)

for z, 2’ € R™.
2. Rotation of the plane R?: o € R, x = (21, 72) € R?, f: R? —» R?

f(z) = (1 cosa — xysin v, 1 sin a + x5 cos ) — rotation through the angle «

Then f is an isometry, since

p(f(x), f(2)* = [(21 — 2}) cosa — (w2 — a3) sinal” + [(21 — 2}) sina + (23 — 23) cos af?
= (21— 21)* + (22 — 25)*
plw,2')?

for x = (x1,79), 2" = (2, 2%) € R

Theorem. An isometry is a one-to-one transformation.

Proof. Let (X, p), (Y, ) be metric spaces and f : X — Y be an isometry. Take x,z’ € X.
Assume that f(xz) = f(2’). Then

e
—~
=

8
~—
—
—

E%\
=
—

8

8
~—

8

Il

&\

U

Theorem. If f: X — Y is an isometry, then f~!:Y — X is an isometry.

Proof. Let (X,p), (Y,p) be metric spaces and f : X — Y be an isometry. Obviously,
f~1is onto (because f is onto). Let y,y' € Y. There are x, 2’ € X such that f~'(y) =z
and f~1(y/) = 2’. Hence y = f(z) and ¢/ = f(2’). We have

p(f 7 W), f W) = pla,2’) = b(f(2), f(2) = p(y,y). O

Theorem. Composition of two isometries is an isometry.
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Proof. Let (X,p), (Y,p), (Z,p) be metric spaces and f : X — Y, g :Y — Z be

isometries. So

N p(f(@), f(a) = pla, ")

z,x'eX
and

Then gf : X — Z and
N\ laf(@),9f (") = p(f(x), f(z) = p(a,a’). O

z,x'eX

Definition. Let (X, p), (Y,75) be metric spaces and f : X — Y be a function. Then

f is a similarity <J_f> 1) f: X ey,

2)\/ N\ p(f(@), f(z') = Mp(a, 2.

A>0 zx'eX

Number A is then called the ratio of similarity f.
Remark. Any isometry is a similarity with the ratio 1.

Example. Homothety with the ratio ¢ > 0: j. : R" — R", j.(x) = cx for x € R". Then

Je 18 a similarity with the ratio ¢, since

p(e(), je(@')) = V/(je(@) = je(@))? = V/(ca — ca')? = e/ (& — a")2 = cp(x, 2')

for x, 2’ € R™.

Theorem. A similarity is a one-to-one transformation.

Proof. Let (X, p), (Y,p) be metric spaces and f: X — Y be a similarity with the ratio
A>0. Let z,2" € X and f(z) = f(2'). Then

0 =7(f(z), f(2)) = Ap(x, 2)

and

Theorem. If f : X — Y is a similarity with the ratio A > 0, then f~!:Y — X is a

similarity with the ratio %

Proof. Let (X, p), (Y,p) be metric spaces and f : X — Y be a similarity with the ratio
A > 0. Obviously, f~! is onto (because f is onto). Let y,y’ € Y. There are z,2’ € X
such that f~'(y) = z and f~'(y/) = 2’. Hence y = f(z) and ¢/ = f(2’). We have

o7 ), S 0) = plasa’) = $7(F (@), F)) = 3200

Thus f~!is a similarity with the ratio U

1
3
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Theorem. Composition of two similarities is a similarity.

Proof. Let (X, p), (Y,p), (Z,p) be metric spaces. Let f : X — Y be a similarity with
the ratio A1, g : Y — Z be a similarity with the ratio Ay. We will show that gf : X — Z
is a similarity with the ratio A;As. Let z, 2" € X and y,y’ € Y. We know that

pf (), f(2") = Mp(z, ')
and
pla(y), 9(y)) = Xep(y. o).
We have
plaf(x),gf (@) = Xap(f (), f(2')) = MAep(x,2"). O

Definition. Let (X, p), (Y,7) be metric spaces. Then
X and Y are isometric (d:) there exists an isometry f: X — Y.
X and Y are similar <d:> there exists a similarity g : X — Y.

Remark. If XY are isometric, then they are similar. The converse is not true.
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4. LINES, PLANES AND HYPERPLANES IN SPACE R"

Definition. Let (X, p) be a metric space and Y C X. Then

(Y, plY xY) e subspace of a metric space (X, p).

Definition.

A line ; a subspace of the space R" isometric with R!.

Remark. Let L C R™. Then

L is a line < L is isometric with R! < there exists an isometry f : R! — L < there

exists an isometry ¢ : L — R
Remark. In R! there exists a unique line. It is R!.

Theorem. (On a line) Through every two distinct points a,b € R" there passes exactly
one line. It is the set {x(t) = (1 —t)a +tb:t € R} = L(a,b), where x : R — R" is called

the parametric presentation of a line L(a,b).

Proof. Take f: R' — L(a,b) such that f(t) ==« ( : ), t € R. We have for ¢, € R:

p(a,b)

p(F(1), F(#))? = [(1_ ! >a+ - (1— d )a— d br
’ pla,b) pla,b) p(a,b) pla,b)
2
_ [(t —tha— (t— t’)b} (1)
p(a,b)

= p(t, 1)’
Hence f is an isometry, that is, L(a,b) is a line. Moreover, z(0) = a and z(1) = b whence
a,b € L(a,b).

Now we show that L(a,b) is unique. Assume that there is a line K such that a,b € K.
We show that K C L(a,b). Take an isometry g : R! — K. There are a, 8 € R such that
g(a) = a, g(f) =band a < B. Take ¢ = g(y) € K such that a # ¢ # b. Suppose that
a < B <. Then |5 —a|+ |y — 8] = |y — a|. Hence p(b,a) + p(c,b) = p(c,a), because g

is an isometry. It follows

)

— — —  —
)ab’—i—‘bc‘ = ‘Ec)‘: ’ab—i— be

s0 ab || ‘ac. Thus there exists t # 0 such that ¢ —a = t(b— a), whence ¢ = (1 — t)a+tb =
z(t) € L(a,b).

Similarly when o« < v < f and v < o < 5. Hence K C L(a,b). Precisely, K =
L(a,b). O
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Remark. We will write the following parametric equation of L(a,b):
L=L(a,b):z(t)=(1—t)a+1tb, t €R.

Definition. Let a,a,b € R™ and let L C R"™ be a line. Then

H
ab lies onLﬁ)a,bEL.

— — —
al|L & \/ abea A abliesson L < \/ ab €.
df Y a,beL
Definition. Let a € R™ and let L C R" be a line.

A direction of a line L = direction of a vector a || L.
A direction vector of a line L = vector a || L.
Theorem. (The second form of the parametric equation of a line in R")
Let a,a € R™ and let L C R"™ be a line. Then
acel Na|LANa#0 = L:z(t)=a+ta, teR.

Proof. Let a € L, a | L and a # 0. By Theorm on localization of a free vector at a

point, a vector a can be localized at a point a. Then there exists a point b € L (because

H
a || L) such that a = [ab] By Theorem on a line for ¢ € R:
L:xz(t)=(1—-1t)a+tb, so
L:z(t)=a+tb—a),
—
L:z(t)=a+t [ab] :
L:z(t)=a+ta. O
Remark. If a = (ay,...,a,) € L and a = [ay,...,q,] || L, then a parametric equation
of L:z(t) = a+ta, t € R has a form:
L:z(t) = (a1 +tag,...,a, +tay), t € R.

For example, L : z(t) = (1 + 2t,—1 + 3t), where ¢t € R, is the line in R? such that
a=(l,-1)e Landa=[2,3] || L, and K : y(s) = (—1+s,2—5,3+2s), where s € R, is
the line in R? such that a = (—1,2,3) € K and a=[1,—1,2] | K.

Definition. Let L, K C R™ be lines, a || L and b || K. Then

L|K ? allb < \/b:ta.
40
L1K (;) alb & a-b=0.
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Definition. Let a € R? and let L C R? be a line.

A normal direction of a line L ; a direction of a vector al L.
A normal vector of a line L E a vector all L.

Theorem. For every point a € R? and every nonzero vector a = [y, as] there exists in
R? a unique line, which passes through a with a normal vector a. It is consisted of all

points (x1, z2) satisfying the equation
ap + a1y + asxry = 0, where ag = —a - (a).
That is the linear equation of a line L such that a € L and al L.

Proof. Let a = (a1,a2) € L, a = [oq, 0] LL and b = (z1,79) € R% Then (see the
picture)
— —
be L |ab| Las [ab]-a=0
= [1’1 — a1, Ty — CLQ] . [Oél,Oég] =0
= O[l(ZL‘l — al) + OéQ(ZL'Q — ag) =0

& —(a10q + asan) + oy + asxs = 0.

Setting
ag = —(a10q + asan) = —a - (a)
we get
L:oag+ ajz) + agzy = 0.

Obviously, such line is unique. [

Theorem. Let L, K C R? be lines, L : ag+ o2 +asre = 0 and K : By+ B121 + Boxe = 0.
Then
K=L & \/Bi:tai for 1 =0,1,2.
t£0
K|L < \/ﬁi:toz,- for i =1,2.
t£0
Proof. Easy. [J
Definition. Let L, K C R? be lines and a € R%2. Then

pla, L) = p(a,b), wherebe KNLanda e K1L

(a distance of a point @ and a line L in R?).
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Theorem. Let L C R? be a line, L : ag + ayx1 + asxe = 0 and a = (a1, as) € R?. Then

_ | + cay + asas

p(a’7L) \/m

Proof. Let a = [y, 5] LL and = (x1,22) € R% Then L : ap+ z - (a) = 0. Take a line
K such that K : z(t) =a+ta. Then be KN L, thatis,b=a+t'aand ap+b-(a) =0,

whence

ag+ (a+ta) (a)=0
ag+a-(a)+ta?=0

t'a’> = —ap—a- (a)
o _Oéo—l-(l'(a)
a? '

Thus b =a — %‘S'w)a and

pla, L) = p(a,b) = |b—al

a0+a-(a)
=la————a—a
a2
_ lag+a-(a)|
= ———5 g
a|

_ lag + cag + asas
Va3 + a3

Definition. An equation ag + a1z + aszy = 0 of a line L in R? is called normalized if

O

a = [ay, as] is a versor (so |a| = 1).

Conclusion. If ag + aqzy + asze = 0 is a normalized equation of a line L in R? and
a = (ay,ay) € R? then
pla, L) = |ag + cqar + azas| .

Theorem. Every line in R? has a normalized equation.
Proof. Easy. [

Theorem. Let L(a,b) C R? be a line, a = (a;,as),b = (b1, bs) € R? and a # b. Then

1 a1 ay
L(CL, b) 1 bl b2 =0.
1 r1 To

N
Proof. We have [ab} = [by — a1,by — as] || L(a,b). Tt is easy to see that

[bl —ay, by — (12] : [—(bz - a2),b1 - al] =0,
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whence
[—(by — az),b; — ay] LL(a,b)
SO
L(a,b) : —(ay,a3) - (—(ba — az2),by — a1) — (by — ag)z1 + (by — ay)xe = 0.
Hence
L(a,b) : (asx1 + byza + a1bg) — (bazy + a1 + aghy) = 0,
that is,
1 a1 as
L(a,b): |1 b by |=0. O
1 x1 x9

Remark. Niech L, K be lines in R%2. Then
L|K = L=K V LNK =1,
L} K = LNK is a point.
Definition.

A proper pencil of lines in R? - the set of all lines which pass through one point

An improper pencil of lines in R? = the set of all lines with the same direction

/l

Remark. Every two different lines in R? determine a pencil (proper or improper). We
use the following denotation:

P(L, K) = a pencil of lines in R? determined by lines L, K.

Theorem. (On a pencil of lines in R?) Let L : ag+ a1y + oz = 0, K : By + Bixy +
Baxe = 0 and L # K. Then

MeP(L,K) < \/ M :n(og + aqzy + asxs) + Mo + Srxy + Paxa) = 0.
7,AER, n2+A2>0
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Proof. First, note that if n> + A\ > 0, then an equation
n(ao + a1x1 + aar2) + AN(Bo + Sizr + fowz) =0

is a linear equation of some line in R?. Indeed, we have [ay, as] # 0 # [B1, Ba], whence

[nay + AB1, nag + ABa] = nay, as] + A[B1, B2] # 0.

(=) Let M € P(L,K), a = (a1,a2) € M and a ¢ LU K. It suffices to set: n =
60 + ﬁlal + /BQCLQ and \ = —(Oéo + a1 + 042(12).

(<) Assume that

\/ M 77(060 + o1 + 052x2) + /\<50 + 61&31 + ﬁQiEg) = 0.
7,AER, N2+A2>0

We have two cases:

1) P(L, K) is proper.
Then an intersection point of lines L and K satisfies the equation of a line M, that is,

M € P(L,K).

2) P(L, K) is improper.

Then \/ [B1,fB2] = t[a1, ] (they are parallel), whence
40

[non + ABr, nas + ABo] = nlau, as] + A[B1, B2]
= nfay, ag] + M[ay, as)
= (n+ )], azl,

that is, M || L || K. O

Remark. Equivalently, we have

M e P(L, K) <~ \/ M o+ oz + aoxe + )\(B@ -+ 51$1 +/32x2> =0
AeR

(in this case there does not exist A such that M = K).
Definition.

Copenciled lines in R? ; lines which belong to one pencil.

Theorem. Let L : agtaixi+asws =0, K : Bo+P1x1+ 0222 = 0 and M : yg+vy121+72x0 =
0 be distinct lines. Then lines L, K, M are copenciled <

ag Bo Yo
o B "M = 0.
ay P 72
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Proof. We have M € P(L, K) < there are n,\,6 € R, n* + A\? > 0 such that
nao + ABo = —00,

noy + A\py = —om,
N + Ay = =072,

which is equivalent to
nag + Abo + 070 = 0,
nay + A8y + dy =0,
nag + By + 62 = 0.

That system has a nonzero solution <

ag Bo Yo
a; B o | =0, O
as Ba o

Definition.

A plane ; a subspace of the space R™ isometric with R2.
Definition. Let a,b,a,b € R" and let P C R"™ be a plane. Then

H
ab lies 0nP<d—}>a,b€P.

— — —
al P (d-?) \ ab€a A ablieson P & \/ ab€a.

ab a,be P

bLP < A bla.
a|P

Definition. Let P C R3 be a plane and a € R?.

A normal direction of a plane P E a direction of a vector al P.

A normal vector of a plane P ; a vector a L P.

Definition. Let P,Q C R? be planes and a,b € R*. Then
Pl Q ? alP A bBLQ A alb.

PLQ & alP A bLQ A alb.

Theorem. For every point a € R? and every nonzero vector a = [y, g, 3] there exists
in R3 a unique plane, which passes through a with a normal vector a. It is consisted of

all points (x1, 29, x3) satisfying the equation
ap + 11 + asxs + azzy = 0, where o = —a - (a).
That is the linear equation of a plane P such that a € P and al P.

Proof. Similar to the proof of theorem on a linear equation of a line. [
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Theorem. Let P,Q C R3 be planes, P : ag+ o1 + aos +aszs = 0 and Q : By + Biag +
@2332 + 531‘3 = 0. Then

P=Q & \/ pi=ta; for i=0,1,23
t£0

PlQ & \/ Bi=ta; for i=123.
t£0

Proof. Easy. [J
Definition. Let P C R3 be a plane, L C R? be a line and a € R3. Then

p(a, P) = p(a,b), wherebe PN L anda€ LLP

(a distance of a point @ and a plane P in R?).

Theorem. Let P C R? be a plane, P : oy + o121 + oy + 323 = 0 and a = (a1, a9,a3) €
R3. Then

‘Oéo + ara1 + aaao + Oégag‘
Vi + a3+ a3

Proof. Similar to the proof of appropriate theorem for a line. [J

p(a, P) =

Definition. An equation oy + oz + s + azrs = 0 of a plane P in R? is called

normalized if a = [aq, g, o] is a versor (so |a| = 1).

Conclusion. If ag + o121 + ey + aszs = 0 is a normalized equation of a plane P in R?

and a = (a1, as,a3) € R3, then

p(a, P) = |Oéo + a1a; + asas + O£3CL3| .

Theorem. Every plane in R? has a normalized equation.

Proof. Easy. [

Theorem. Let P C R3 be a plane, a = (a1, as,a3),b = (b, b, b3),¢ = (c1,02,¢3) € R?

e
and ab Jf ac. Then

1 a; a2 as
1 b by b
P PR =
1 Ci Cp C3
1 Tr1 T I3

Proof. Analogous to that for a line in R2. [J

Remark. Let P,Q C R3 be planes. Then
PlQ = P=QV PNnQ=1,
Pl@Q = PNQ is a line.
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Definition.
A proper pencil of planes in R3 7 the set of all planes containing the same line.
An improper pencil of planes in R3 7 the set of all planes with the same normal
direction.

Remark. Every two different planes in R* determine a pencil (proper or improper). We

use the following denotation:
P(P,Q) = a pencil of planes in R? determined by planes P, Q.

Theorem. (On a pencil of planes in R?) Let P : ag + ayxy + oy + azzs = 0,
Q : Bo + Brxy + Baty + Psrs = 0 and P # Q. Then

R € P(P, Q) = \/ R: 77(050"‘0&1%1 +052.Z'2+063£C3)+)\(ﬁ0+61$1+52$2+ﬁ3$3) = 0.
7AER, n2+22>0

Proof. Analogous to that for a pencil of lines in R%2. [

Remark. Equivalently, we have

R e P(.P7 Q) = \/ R: Qg + 1T + Qoo + ai3r3 + /\(60 + 611‘1 + 621'2 + 53.1]3) =0
AER

(in this case there does not exist A such that R = Q).

Remark. Let P,Q C R? be planes and P }f Q. Then PN Q = L is a line. If P :
Qo + a1x1 + agre + azrz = 0, Q = fo + B1x1 + Sz + Pzxs = 0, then

I - Qo + q1x1 + o + 3Tz = 07
50 + 51-1'1 + ﬁgmg + 53.%3 =0.

It is an edge equation of a line L in R3. Then a = |ay, as, 3] LL and b = [By, Ba, B3] LL.
Hence a x b || L.

Definition. Let L C R? be a line, P C R? be a plane and a € R3. Then

pla, L) = p(a,b), wherebe LN P and a€ PLL

(a distance of a point @ and a line L in R3).

Theorem. Let L C R3 be a line, a,a,b € R*, a || L, a#band b € L. Then

pla,L) = la
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Proof. We have

pla, L)

: — pla.a’)
Hence sin <<I (a, [ab])) = b and

pla,L) = p(a,a’) = p(a, b) sin (<f (“7 [075]))

_ el or] |(|< (o [«]))

Definition. Let k£ < n.

A Ek-dimensional hyperplane in R" ; a subspace of the space R™ isometric with R*.

Definition. Let a,b,a,b € R", H""! be an (n — 1)-dimensional hyperplane in R". Then

— —
a||H"_1<:>\/ab€a/\a,beH"_1<:> \/ ab € a.
df
%’ a,be Hn—1
bLH" & .
- /\ bla
aHanl
Theorem. For every point a € R" and every nonzero vector a = [y, .. ., a,] there exists
in R™ a unique hyperplane H"~! such that a € H"! and a Ll H"!. It is consisted of all
points (x1, ..., z,) satisfying the equation
ap + a1y + ... + apx, =0, where g = —a - (a).

That is the linear equation of a hyperplane H"~! such that a € H" ' and a L H"!.

Proof. Similar to the proof of theorem on a linear equation of a line. [J
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5. TRANSFORMATIONS OF SPACE R"

Let f:R"™ — R" be an isometry, that is, f is onto and

N\ olf(@), f(v) = p(x,y).

z,yeR™

Definition.

An invariant of isometry ; a property which is unchanged by isometries.

Theorem. A centre of a segment is an invariant of isometry (that is, if ¢ is a centre of a
segment (a, by, then f(c) is a centre of a segment (f(a), f(b))).

Proof. Take an isometry f : R" — R" and let a,b,c € R". If ¢ is a centre of a segment
{a,b), then
1
pla,c) = plb, ) = Sp(a,b).

Hence

(@), (€)= p(F(0), F()) = 5p(F(a). F(8),
that is, f(c) is a centre of a segment (f(a), f(b)). O

Theorem. An equality of localized vectors is an invariant of isometry.
Proof. Follows from definition of equal vectors and previous theorem. [J

Conclusion. Let f: R™ — R” be an isometry and a,a,b € R®. Then
— —
o= [at] = sia) = | i)

Theorem. Let f: R” — R” be an isometry and a,b € R". Then

1) f(0) =0 (for vectors!),
2) f(a+b) = f(a)+ f(b),
3) f(—a) = —f(a),

4) f(a—1b) = f(a) — f(b),
5) [f(a)] = |al.

Proof. 1) Obvious.

— —
2) Let a,b,a,b,c € R". Then ab € a and be € b from theorem on localization of a
—  —

free_\:ector at a_>point. TElS ab 4+ bc = a¢ € a+ b. Hence f(aff(c) € f(a+b) and
fla)f(e) = f(a)f(b) + f(b)f(c) € f(a) + f(b). Thus f(a+b) = f(a)+ f(b).
3) We have
0=/f(0) = fla+(=a)) = fa) + f(-a).
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Hence f(—a) = —f(a).
4) We easily get

fla=b) = fa+(=b)) = f(a) + f(=b) = f(a) — f(b).
5) Take a,b € R™ such that ab € a. We have

@l =[] | = strta) 1) = ot = |[at] | = 1ol ©

Conclusion. The zero vector, an opposite vector, a sum and a difference of vectors and

a length of a vector are invariants of isometry.

Theorem. Parallelism, equally parallelism and oppositely parallelism of vectors are in-

variants of isometry.
Proof. Follows from definition of parallelism and previous theorem. [J

Conclusion. A direction and a sense of a vector are invariants of isometry, that is, for
aeR”,

Theorem. Let f:R" — R" be an isometry, a € R" and ¢t € R. Then

f(ta) =tf(a).

Proof. Assume ¢ > 0. Then ta 1] a, whence f(ta) 1] f(a) and tf(a) 1] f(a). Thus

f(ta) 11 tf(a).
Moreover,
|f(ta)] = [ta] = t]a] = ¢ |/ (a)].
Hence f(ta) =tf(a).

Similarly for ¢ < 0 (in that case parallelism is opposite). O

Conclusion. A linear combination of vectors is an invariant of isometry, that is,

k k
f (Z tﬂi) = Ztif<ai)>
i=1 i=1
where ay,...,a, € R" and t4,...,t; € R.

Theorem. A scalar product of vectors is an invariant of isometry, that is,

f(a)- f(b) =a-b.



29
Proof. Take an isometry f: R” — R” and let a,b € R". We have
(f(@)+f(0)% = (f(a4+6)% = |f(a+b)]> = |a + b]> = (a+b)? = a®+2a-b+b% = |a*+2a-b+|b|?
and
(f(@)+£(0))* = (f(a)*+2f(a)-F(6)+(f(B))* = [ f(a)*+2f(a)-f(0)+|f(b)[* = |al*+2f (a)- £ (b)+[b]*.
Hence |a® +2a- b+ [b]> = |a]” + 2f(a) - £(b) +|b|>. Thus

f(a)- f(b) =a-b. O

Conclusion. A perpendicularity of vectors is an invariant of isometry.

Conclusion. A cosine of an angle between vectors and a measure of an angle between

vectors are invariants of isometry.

Theorem. A k-dimensional hyperplane in R" (k < n) is an invariant of isometry, that

is, if H* is a k-dimensional hyperplane, then f(H") is a k-dimensional hyperplane.

Proof. Follows from definition of a k-dimensional hyperplane and the fact that a com-

position of isometries is an isometry. [
Conclusion. A line and a plane in R" are invariants of isometry.
Conclusion. A pencil of lines in R? and a pencil of planes in R? are invariants of isometry.

Theorem. Parallelism and perpendicularity of lines in R™ and parallelism and perpen-

dicularity of planes in R? are invariants of isometry.

Proof. Follows from the fact that parallelism and perpendicularity of vectors are invari-

ants of isometry. [J

Remark. Let us set:

si_ )0 i#]
)1 i i=g

Theorem. (On an analytic form of an isometry) Every isometry f : R” — R" is a

transformation given by a formula

f(QT) =a-+ Zl’l . (Cli), where a;-a; = 5;

=1

Then f(0) = a and a; = f(e;), where ¢; = [0%,05,...,0'],i=1,...,n.

Proof. First, note that ¢; = [1,0,0,...,0],eo = [0,1,0,...,0],...,¢, = [0,0,0,...,1].
From properties of an isometry we know that an isometry is a linear transformation.
Hence every isometry f : R™ — R™ is uniquely determined by its values f(e1),..., f(e,)

in end-points of vectors ey, ..., e,.



30

Now, if ¢ = (z1,...,2,) € R", then x = 0+ x1e; + ... + z,¢,, whence f(x) = f(0) +
z1f(er) + ...+ 2 f(en). Setting f(0) = a and f(e;) = a;, 4 =1,...,n we get a; - a; = &
and

flz) = a+2xi (a;). O

Let f: R™ — R" be a similarity with the ratio A > 0, that is, f is onto and

N (@), F() = Ap(z,y).

z,yeR”
Definition.
A similarity invariant 7 a property which is unchanged by similarities.

Remark. Every similarity invariant is an invariant of isometry (since an isometry is a
similarity with the ratio 1). An invariant of isometry is a similarity invariant iff it does

not depend on a distance of points in R™. Thus we have:

Theorem. Similarity invariants are: a centre of a segment, an equality of localized
vectors, the zero vector, an opposite vector, a sum and a difference of vectors, a parallelism,
an equally parallelism and an oppositely parallelism of vectors, a direction and a sense of
a vector, a linear combination of vectors, a k-dimensional hyperplane in R", a line in R",
a plane in R", a parallelism and a perpendicularity of lines in R™ and a parallelism and a

perpendicularity of planes in R3, a pencil of lines in R? and a pencil of planes in R3.

Conclusion. Let f: R"™ — R” be a similarity and a,a,b € R™. Then

o= [at] = sia) = |rf )]

Theorem. Let f: R"™ — R" be a similarity with the ratio A > 0 and a,b € R". Then

1) [f(a)] = Alal,
2) f(a)- f(b) = X*(a-b).

e
Proof. 1) Let a,b € R" be such that ab € a. We have

vwnz[ﬂ@ﬁﬁ”=¢ﬂ@¢@»=AMmm=AH£H=Am«

2) We know that f(a) + f(b) = f(a+ b). Hence

(f(a)+£(6))? = (f(a+b))? = [f(a+b)]> = A |a+ b]* = X\2(a+b)? = \? |a|*+27%a-b+7? |6
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and
(f(a)+ f(0))* = (f(a)* +2f(a) - f(b) + (f(b))
= [£(@)]* +2f(a) - f(b) + |f(b)[*
= N al* +2f(a) - f(b) + X*[0]".
Thus

f(a)- f(b) =XNa-b. O

~—

Conclusion. A length of a vector and a scalar product of vectors are not similarity

invariants.
Theorem. A cosine of an angle between vectors is a similarity invariant.

Proof. Let f : R” — R” be a similarity with the ratio A > 0 and a,b € R". By previous

theorem we have

f(a)- f(6) = [f(@)]f(b)]cos(<t(f(a), f(b))) = A\*[a] [b] cos(<t(f(a), £(b)))
and
M (a-b) = A\ |a| |b] cos(<(a, b)),
that is,
cos(<t(f(a), f(b))) = cos(<t(a,b)). O

Conclusion. A measure of an angle between vectors, in particular, a perpendicularity of

vectors are similarity invariants.

Theorem. (On an analytic form of a similarity) Every similarity f : R — R"™ with

the ratio A > 0 is a transformation given by a formula

flx)=a+ Zmz - (a;), where a; - a; = \*6%.

i=1

Then f(0) = a and a; = f(e;), where ¢; = [0,05,...,0'],i=1,...,n.

Proof. We have that g : R — R" such that g(z) = 1 f(z), where z € R", is an isometry,

because

pg(x),9())* = lg(y) — g9(x)]* = %[f(y) — f(x))? = %p(f(:v), FW)? = p(x,y)%,

that is, p(g(x), 9(y)) = p(x,y), where x,y € R™.

By theorem on an analytic form of an isometry

(@) = b+ > i (b0,
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where b; - b; = 0%, g(0) = b, b; = g(e;) and ¢; = [6},05,...,,]. Hence

f@)=Ag(z) =Ab+ > x;- (Aby).
i=1
Setting a = Ab and a; = A\b;, ¢ = 1,...,n we get
i=1
and
a;-a; = ()\bl> . ()\bj) = )\2([)1 . [lj) = )\2(5;-,
f(0) = Ag(0) = Ab =q,
a; = Ab; = Ag(e;) = f(e),
where ¢; = [0%,05,...,0!],i=1,...,n. O
Definition. Let f : R"™ — R" be a transformation. Then

f is an af fine transformation <d:f> 1) f:R" ZL? R",

) N\ ab=db = f@)F) = f@)]E),

a,b,a’ b’ €R”

3) /\ /\ f(t1a1 -+ tgag) = tlf(al) + tgf(ag).

a1,a2€R™ tq,t2€R

Conclusion. Let f: R®™ — R" be an affine transformation and a,a,b € R". Then

o= [@] = 10 = @)

Conclusion. Every isometry and every similarity are affine transformations.

Definition. Let a;,...,a, € R" and t1,...,t € R.

Vectors ay, ..., a; are linearly independent (d:>
k
Ztiaizo = t1=ty=...=1,=0.
i=1

Theorem. (On an analytic form of an affine transformation) Every affine trans-

formation f : R™ — R" is given by a formula
f@)=a+ S ai (@),
i=1

where vectors ay, ..., a, are linearly independent. Then f(0) = a and a; = f(e;), where
e; = [0%,05,...,0 ], i=1,...,n.
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Proof. For z = (21,...,2,) € R" we have x =0+ - (¢1) + ...+ 2y, - (¢,). By definition

of an affine transformation

fl@) = FO) + a1~ flen) 4otz flen)-
Let us set: f(0) =a and f(¢;) =a;, ¢ =1,...,n. Then

f(x):a+in~(ai)

and from the fact that f is one-to-one:

n
that is, a+2$i-(ai):a = 11 =...=2, =0,
i=1
n
S0, in-(al-):o = x1=...=x,=0.
i=1
Hence vectors aq, ..., a, are linearly independent. []

Theorem. Composition of two affine transformations is an affine transformation.
Proof. Easy. [

Theorem. If f : R® — R" is an affine transformation, then f=!: R® — R" is an affine

transformation.
Proof. Easy. [
Definition.

An affine invariant - a property which is unchanged by affine transformations.

Conclusion. Affine invariants are: an equality of localized vectors, a linear combination

of vectors and a parallelism of vectors.

Theorem. Let f: R" — R" be an affine transformation, a,b € R™ and ¢t € R. Then
F(L=t)a+1tb) = (1 —t)f(a) + Lf(b).

Proof. Easy. It suffices to use an analytic form of an affine transformation. [J
Conclusion. A centre of a segment is an affine invariant.
Conclusion. A line in R" is an affine invariant.

Conclusion. A plane in R” and a k-dimensional hyperplane in R” are affine invariants

(because they are unions of lines).

Conclusion. A parallelism of lines in R and a parallelism of planes in R? are affine

Invariants.
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Remark. Every affine invariant is a similarity invariant (which means that if a property

is not a similarity invariant, then it is not an affine invariant).
Conclusion. A length of a vector and a scalar product of vectors are not affine invariants.

Conclusion. A cosine of an angle between vectors, a measure of an angle between vectors,

in particular, a perpendicularity of vectors are not affine invariants.
Conclusion. Every affine invariant is a similarity invariant and every similarity invariant
is an invariant of isometry.

Now we will give some characterizations of an isometry, a similarity and an affine
transformation. First we need a notion of an orthogonal matrix.

Definition. Let A be a real square matrix of order n.

A matrix A is called orthogonal (d:) columns of A are versors in R™ perpendicular to

each other.
Theorem. Let A be a real square matrix. The following are equivalent:

1) A is orthogonal,
2) ATA=1,
3) A7t = AT,

Proof. Easy. J
Conclusion. Let A, B be orthogonal matrices of order n. Then

1) det(A) = +1,
2) AT is orthogonal,

4) A~! is orthogonal,

)
)
3) rows of A are versors in R™ perpendicular to each other,
)
5) AB is orthogonal.

Definition. Let f : R” — R™ be an isometry (a similarity, an affine transformation), a =
(o1, .- aon), 8 = [, ..., ] € R" for i = 1,... n, and let (zq,...,2,),(Z1,...,Tp) €

R™. Then .
T) = a—l—in - (ay),
i=1

that is,

f(l‘l,...,l’n) = (fl,...,ETJ = (CLOl,...,CLOn) —|—I'1(04117...,061n) —+ ... +.Tn<04n1,...706nn),
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T1 = a9 + o121+ ...+ Q1 Ty,
To = Qo2 + 1271 + . .. + Qpaly,
fn = Aop + A1pT1 + - .. T QpnTy.
A matrix
11 ... Op1
12 ... Opo
A =
df
A1y ... Opp

is called the matriz of an isometry (a similarity, an affine transformation) f.
Theorem. A transformation f :R"” — R" given by the above analytic formula is:

1) an affine transformation < Ay is nonsingular,
2) a similarity with the ratio A > 0 & A/ is orthogonal,
3) an isometry < Ay is orthogonal.

Proof. Follows from theorems on an analytic forms of these transformations. [
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6. ALGEBRAIC SETS IN SPACE R"

Definition. Let ¢ : R — R be a function, z = (z1,...,2,) € R", iy,...,4, € {0,...,k}
and k € NU{0}. Then

¢ is a monomial in n variables < p(x) = oy, 4 T .. Tl
df

A degree of a monomial ¢ 7 i+ Fip.

@ is a polynomial in n variables <di> © is a sum of monomials.

A degree of a polynomial ¢ 7 the greatest of degrees of monomials occuring in a
polynomial .

Example.
1. ¢(z) = 22223 is the monomial of degree 5 in 2 variables.

2. p(x) = 23wy + 20323 — 3123 + Sy — 4 is the polynomial of degree 4 in 3 variables.

Definition. Let ¢ : R” — R be a polynomial of degree k. An equation ¢(z) = 0 is called

the algebraic equation of degree k.

Definition. (An algebraic set in R") Let ¢ : R” — R be a polynomial and ¢(x) = 0

be an algebraic equation.

An algebraic set - a set, of solutions of an algebraic equation,
that is, if F¥ C R", then

F' is an algebraic set <d:f> [there is a polynomial ¢ : R™ — R such that x € F' < p(z) =
0].
We will write F : ¢(z) = 0.

A degree of a set F 7 the least of degrees of algebraic equations describing a set F'.

We denote it by deg(F).

Remarks.

1. Algebraic sets of degree 0 in R™: () and R™ (since if a polynomial ¢ is of degree 0, then
an equation () = 0 is either contradictory or it is an identity).

2. Algebraic sets of degree 1 in R™: (n — 1)-dimensional hyperplanes (if H"™ : ag +
a1z + ... + apx, = 0, then p(x1,...,2,) = ag + ayzy + ... + a,x, = 0 is an algebraic
equation of degree 1).

3. Algebraic sets of degree 2 in R': 2-point sets (since a polynomial of degree 2 in one

variable has at most 2 roots).
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4. Algebraic sets of degree k in R': k-point sets (since a polynomial of degree k in one

variable has at most k roots).
Conclusion. A line in R? and a plane in R3 are algebraic sets of degree 1.

Theorem. (On position of a line under an algebraic set of degree k)
Let L, FF CR", L be a line and F' be an algebraic set of degree k. Then

LCF VvV LNF<LE.

Proof. Let F': ¢(x) = 0, where ¢ is a polynomial of degree k. By theorem on a line:
L:xz(t)=(1—-t)a+1tb, wheret € R and a,b € L, that is, L : (z1,...,2,) =a+ (b—a)t,
where t € R and a,b € L. We search all t € R satisfying the following system of equations
(x1,...,2n) = a+ (b—a)t,
{ o(xy,...,x,) =0.
It is not difficult to see that there are no such ¢ or all ¢ € R satisfy that system or at most

k numbers t satisfy that system. Hence

LNF=0 v LNF=L VvV LNF<{t1,...,t}.

Thus

LCF Vv

e~
T

NF<k O

Definition.

A transcendental set 7 a subset of R™ which is not an algebraic set of any degree.

Conclusion. If for a set F' C R"” there exists a line L such that L N F' is a proper infinite

subset of L, then the set F' is transcendental.
Example. The sinusoid is a transcendental set.
Theorem. An algebraic set and its degree are affine invariants.

Proof. Let F : p(z) = 0 be an algebraic set of degree k and f : R* — R" be

an affine transformation. Then we know that f~! is also an affine transformation. If

f(xy,...,2,) = (Ty,...,Ty), then f1(Ty,...,T,) = (21,...,2,). From an analytic form
of an affine transformation f~! we have formulas for 1, ..., z,. We set them to the equa-
tion ¢(z1,...,2,) = 0 and obtain an algebraic equation of degree k of an algebraic set F,

that is, f(F)=F. O

Conclusion. An algebraic set and its degree are similarity invariants and also invariants

of isometry.

Conclusion. A transcendental set is an affine invariant (so also a similarity invariant

and an invariant of isometry).
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Definition. Let a,a’ € R™ and H C R™ be a hyperplane. Then
a,a’ are symmetric with respect to H <d:>

—

/
ata eH A [aa'} 1H.

C =

Definition. Let F, H C R", F' be an algebraic set and H be a hyperplane. Then
H is a hyperplane of symmetry of F <;>
[a€ F = d € F, where d’ is symmetric to a with respect to H].
Remarks.
1. A 0-dimensional hyperplane of symmetry reduces to a point, called a centre of symmetry

of a set F.

2. A 1-dimensional hyperplane of symmetry is a line, called an axis of symmetry of a set
F.

Theorem. A centre of symmetry of an algebraic set is an affine invariant.
Proof. Follows directly from definition. [J

Remark. An axis of symmetry of an algebraic set is not an affine invariant.
Algebraic sets of degree 2 in R?:

1. A 1-point set.
Let a = (a1,as), 7 = (71, 22) € R% Then
{a}: (w1 —a1)* + (22 — ap)* =0

and ¢(z) = (z1 — a1)? + (22 — a2)? is a polynomial of degree 2, that is, deg({a}) = 2.

2. A union of two different lines.

Let L, K C R? be two lines and let x = (1, z2) € R% Take

L:ag+oaim +agre =0, K:fBy+ Bixy + fazg = 0.

Then
re€ LUK & ayg+aixy+axa =0V Lo+ frxy + Boxg =0
& (ag + oq@1 + aaw)(Bo + fran + fazz) = 0.
So

LUK : (g + oy + aaw2)(Bo + Sy + Baxa) = 0
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and ¢(z) = (g + a1 + aoa)(Bo + Si1x1 + Poxa) is a polynomial of degree 2, that is,
deg(LUK) = 2.

3. A circle.

Let a = (a1,a2) € R* r > 0 and z = (21, 72) € R% A circle is defined in the following

way:
S = S(a,r) = {x € R*: p(x,a) =r}.

Then a is called a centre of S and r is called a radius of S. Hence

r€S & plr,a)=1r & [plx,a)]* =12

& (z — a1)2 + (9 — a2)2 = r2,
So
S:(zy—a)? + (v —ag)*> —r* =0
and ¢(z) = (z1 — a1)? + (22 — az)* — r? is a polynomial of degree 2, that is, deg(S) = 2.
4. A conic.
Definition. (Conic)
Let a € R?, K CR? be a line, a ¢ K and e > 0. The set
S(a, K, e) = {r €R?: p(x,a) =e- p(z,K)}
is called the conic. Then, a is called a focus of S(a, K, e), K is called a directriz of

S(a, K,e) and e is called an eccentric of S(a, K, e).

Let us take such a coordinate system that the xi-axis passes through the focus a and

it is perpendicular to the directrix K, that is, a = (u,0), K : 21 —v =0 and |u —v| = d:

X
21

i plz, K)

» v = (21, 79)

p(z,a)
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Then
plz,a) =e p(z,K) & [p(z,a)]’ =€ [p(z, K))?,
that is,
(1 —u)® + 25 = e*(z —v)*
Hence
S(a,K,e): (1 —e?)a? + a5+ 2(e*v — u)zy + (v — e*0?) =0
and p(z) = (1 + 23 + 2(e*v — u)xy + (u® — e*v?) is a polynomial of degree 2, that

-t +
is, deg(S(a, K,e)) = 2.
Theorem. A conic, its focus, directrix and eccentric are invariants of isometry.
Proof. Let f: R? — R? be an isometry. We have a conic:

S(a,K,e) ={r € R*: p(x,a) = e- p(x, K)},
where a is its focus, K is its directrix and e is its eccentric. Then f(K) is a line and

p(f(x), f(a)) = p(z,a) = e- p(z, K) = e p(f(z), [(K)).

Hence

f(S(a, K e)) = S(f(a), f(K),e) = {y = f(z) €R*: p(y, f(a)) = e ply, f(K))}

is a conic which has a focus f(a), a directrix f(K) and an eccentric e. O

Exercise. Show that a conic, its focus, directrix and eccentric are similarity invariants.

Definition.

A conic S(a, K,e) is: 1) an ellipse if e < 1,
2) a parabola if e = 1,
3) a hyperbola if e > 1.

We know that a = (u,0), K:2; —v=0, |u—wv|=dand

S(a, K,e): (1 —e*)x? + 235+ 2(e*v — u)z; + (u* — *v?) = 0.

Parabola P:

Take e =1 and let u = %d and v = —%d. Then

P:a5+2(v —u)zy + (u? —v?) =0,
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that is,
P a3 —2dr; = 0.
That is the canonical equation of a parabola.

It is easy to see that a parabola has one axis of symmetry: in canonical position the
x1-axis; does not have centres of symmetry; has a vertex, so a point of intersection of a

parabola and its axis of symmetry: in canonical position point (0,0); has one focus: in

d

canonical position a = (§,0) and has one directrix: in canonical position K : z; + g =0.

X2

a vertex of a parabola

g

Qe

Ellipse E:

Take e < 1 and let v — u = d and v — e?>v = 0. Hence

e2d d
Uzl_—€27 Uzl——ez and U,U>O.
Then
2 7\2 2 19
2 2 9 (ed) e“d -
U’ — e v = 0= ) — =) = —ud.
Thus
o Q- a3
’ ud ud ’
Set: ay = ,/% and as = Vud, where
d d
o ¢ >0, as= ¢ =aV1—e? <a.

V1 — e?

T2
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Then
2 2
T T
E —; —; =1.
ay g

That is the canonical equation of an ellipse.

It is easy to see that an ellipse has two axes of symmetry: in canonical position the

coordinate axes; has one centre of symmetry: in canonical position point (0,0); has two

foci: in canonical position a = (y/a? —a3,0) and a' = (—+/a? —a3,0) and has two
2
. . . . oy o «
directrices: in canonical position K : x; — 1 — = 0and K' : 71 + ———= = 0.
OZl—OéQ al—a2
af—aj

Moreover the eccentric e = a

T2

| a minor axis of an ellipse
o

x

Qe
R

il
)

a major axis of an ellipse

Remark. A circle is an ellipse (with oy = ).
Hyperbola H:

Take e > 1 and let v — u = d and u — e?v = 0. Hence

e2d d
U = ——- v =
1 —e?’ 1 —e2

and u,v < 0.

Then

Thus
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we get
2 2
z z
H:—=-2=1.
af a3

That is the canonical equation of a hyperbola.

It is easy to see that a hyperbola has two axes of symmetry: in canonical position the

coordinate axes; has one centre of symmetry: in canonical position point (0,0); has two

foci: in canonical position a = (\/a? + a2,0) and @’ = (—/af + a2,0) and has two
a2 2

. . . . . o . . - 1 — ! . Cll —
directrices: in canonical position K : x; el 0 and K' : =1 + —— 0.

\/ a%—f—a%
\/ a%—&-a%
[e%} '

Moreover the eccentric e =

T2 H

H
K/
vertices of a hyperbola
= | /
/

»
Y

Definition. Let F, " C R" be algebraic sets of degree k. Then

F, F' are isometric (;) there is an isometry f : R" — R” such that f(F) = F".
F F' are similar <Zc> there is a similarity f: R™ — R" such that f(F) = F".
F, F" are identical from the affine point of view < there is an affine transformation

f:R™ — R" such that f(F) = F".

Remark. Isometric sets are similar, and similar sets are identical from the affine point

of view.
Theorem. All parabolas are similar.
Proof. Take a similarity f : R? — R? such that
f(x) = Az, where A > 0,
that is,

(fl,fg) == f(.’L’l, {23'2) = ()\1‘1, )\Ig)
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Take a parabola P : x5 — 2dz; = 0. Then

(A12)? — 2Xd - (Azy) = 0.
Hence P': 73 —2XAdT; =0 and \dd =d' = =2,

Thus the similarity f transforms the parabola P onto the parabola P’. [

Theorem. All ellipses are identical from the affine point of view.

Proof. Take an affine transformation f : R? — R? such that
(fl,fz) = f(l’l,xg) = (Il, V1 —e? .fCQ), O<ex< 1.

=2
It is seen that f transforms the circle S(0, aq) : 27 +23 = af onto the ellipse E : T3+ =

—2 2
of, that is, onto the ellipse £ : =5 + 23 = 1 (since ap = ayV/1 — €2). Hence every ellipse is
1 2

an affine image of the circle. Thus all ellipses are identical from the affine point of view. [

Theorem. All hyperbolas are identical from the affine point of view.

Proof. Take an affine transformation f : R? — R? such that

(fl,fg) = f(l'l, 1’2) = (alxl, OéQZEQ).

It is seen that f transforms the hyperbola Hy : 22 — 22 = 1 onto the hyperbola H :

E—z — Z% = 1. Hence every hyperbola is an affine image of the hyperbola Hy,. Thus all

a1 3
hyperbolas are the same from the affine point of view. [

Finally we give a classification of algebraic sets of degree 2 in R2. Let us take a general

equation of an algebraic set of degree 2 in R?:
0411.73% + 20&12.T1I2 + OéQQI% + 20(13131 + 20623.1‘2 + 33 — O,

where a2, + a2, + a2, > 0.

Set:
11 Q12

A=

Qo1 (g2

] , where s = aqo

and

Q11 Q12 0q3

A= | ay axn ay |, where as = gz, az = a3, a3 = Q3.

Q31 (Qigg (i33

Let det(A) = A, det (ﬁ) = A, r(A) =kandr <E> = [. Obviously, 0 < k < [. Moreover,
let

Qg9 (93 Q11 (g3

A= and Ag =

Q3 (33 Q31 (33



Classification of algebraic sets of degree 2 in R%:

[k, 1]
A>0, anA <0 S+%=1 ellipse
2, 3] A>0, anA >0 2% + % =—1 empty set
A<O0 % — z—% =1 hyperbola
A<O0 2% — fé =0 pair of intersecting lines
[2,2]
A>0 Z—% + Z—% =0 point
1,3] A=0, A#£0 x5 — 2dr; =0 parabola
Agg < 0or A;; <0 r3—0a3=0 pair of parallel lines
[1,2]
Ay >0, A1 >0 73+ as=0 empty set
[1,1] 3 =0 (double) line
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